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Understanding the flow of liquid crystals in microfluidic environments plays an important role in many fields, including device
design and microbiology. We perform hybrid lattice-Boltzmann simulations of a nematic liquid crystal flowing under an applied
pressure gradient in two-dimensional channels with various anchoring boundary conditions at the substrate walls. We investigate
the relation between flow rate and pressure gradient and the corresponding profile of the nematic director, and find significant
departures from the linear Poiseuille relation. We also identify a morphological transition in the director profile and explain this
in terms of an instability in the dynamical equations. We examine the qualitative and quantitative effects of changing the type and
strength of the anchoring. Understanding such effects may provide a useful means of quantifying the anchoring of a substrate by
measuring its flow properties.
1 Introduction
Microfluidics is a major field of scientific research and tech-
nological innovation, exploited in ink-jet printing, lab-on-a-
chip devices for chemical analysis, and smart wetting sur-
faces, among many other applications. A key topic is the
pressure-driven flow of fluids within micron-scale channels1.
In addition to simple fluids, there is considerable interest in
the microfluidics of liquid crystals. Molecular liquid crystals
are widely used in display devices due to their optical prop-
erties, and understanding the switching dynamics of such de-
vices is essential for optimising their speed and efficiency2.
More recently, it has been appreciated that many biophysical
systems - including microtubule bundles3, actin filaments4,
and dense suspensions of microswimmers5,6 - also have liquid
crystalline properties, but at the colloidal instead of molecular
level. The confined flows of these materials, often driven by
their own activity, underpin many transport and motility pro-
cesses in microbiology.
Furthermore, with regard to fluid transport and flow, liquid
crystals offer functionality not achievable with simple fluids.
When in contact with structured surfaces, the interplay be-
tween bulk effects such as elasticity and surface effects such as
anchoring leads to rich behaviour including complex wetting
transitions7,8 and the stabilisation of topological defects9,10.
Such intricate surface effects can be exploited in novel mi-
crofluidic applications. For example, confinement of a liquid
crystal in a channel can lead to the formation of topological
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line defects, which may be utilised as rails for the controlled
transport of colloids or droplets of a secondary fluid11.
Poiseuille’s law, which applies to the laminar flow of an in-
compressible Newtonian fluid in a channel, predicts a linear
relation between the rate of flow and the pressure difference
applied, in analogy to the relation between electrical current
and potential difference stated by Ohm’s law. In the case of
a non-Newtonian fluid, such as a liquid crystal, departures
from this linear relation may be observed. We concentrate
specifically on nematic liquid crystals. These are composed
of rodlike molecules that possess no positional order in their
arrangement, but do order in their orientation along a common
axis called the director. Nematics exhibit rich hydrodynamics
owing to the coupling between fluid motion and director ori-
entation - a phenomenon termed backflow. In the presence of
a velocity gradient, backflow leads to distinctive behaviours,
namely either the perpetual rotation of the director (tumbling
regime), or a steady state in which the director has a tendency
to adopt a given angle relative to the velocity gradient (align-
ing regime)12. Which regime occurs depends on the material
properties of the liquid crystal. In this paper we concentrate on
aligning liquid crystals. Backflow effects may be interpreted
as an anisotropic viscosity, additional to the standard New-
tonian viscosity. This dependence of viscosity upon director
orientation was first observed by Miesowicz 13 .
There have been a number of quantitative studies into
Poiseuille flow of liquid crystals in channels or between par-
allel plates. Early calculations were carried out by Ericksen 14
and Leslie 15 . Fishers and Fredrickson 16 carried out experi-
ments of flow in a cylindrical tube, confirming a non-linear
relation between flow rate and pressure gradient that depends
on anchoring orientation. Denniston et al. 17,18 performed lat-
tice Boltzmann simulations for the case of strong homeotropic
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anchoring, and reported a topological transition in the texture
of the nematic as driving pressure is increased, which was
confirmed in experiments and numerical calculations by Jew-
ell et al. 19 . Zhou and Forest 20 performed calculations for
two-dimensional flow in the low-flow-rate, strong-anchoring
limit for the cases of homeotropic, planar and tilted anchoring.
Sengupta et al.21,22 performed experiments and lattice Boltz-
mann simulations of flow in rectangular channels over a wider
range of flow rates. Feng and Leal 23 and Quintans Carou
et al. 24 investigated, by analytical and numerical techniques,
nematic flow between plates of narrowing or widening sepa-
ration, while Manneville and Dubois-Violette 25 and Tarasov
et al. 26 investigated the onset of instabilities in channel flow.
We are not aware of any study that considers the effect of
the strength of the anchoring on the relation between driving
pressure gradient and mass flow rate. Anchoring strength is
an important factor in a wide range of topics including display
device switching27, wetting transitions on structured surfaces8
and in the onset of spontaneous flow in active systems28. From
an experimental point of view, the anchoring strength of a sub-
strate is difficult to measure, and most methods involve the op-
tical properties of the liquid crystal29,30, or its response to ap-
plied electric31,32 or magnetic33 fields. In this study we show
that it is not only the anchoring type but also that the anchoring
strength that has an important effect on microfluidic flows of
nematics, which consequently has the potential to be used to
quantify anchoring. In other words, a quantitative understand-
ing of the effect of anchoring strength on flow may provide a
means to measure the anchoring strength. Such an approach
would be especially useful for colloidal liquid crystals, which
do not exhibit an electromagnetic response.
In this paper, we perform lattice Boltzmann simulations of
driven flow between two parallel plates, driven by a specified
pressure gradient, and measure the flow rate versus pressure
gradient. We confirm the transition reported by Denniston
et al. 18 and Jewell et al. 19 , and find that it is driven by a dy-
namical instability, rather than free energy considerations. We
also observe a very strong departure from the Poiseuille rela-
tion that does not relate to any obvious morphological transi-
tion. We check our results against calculations in the low- and
high-flow limits, and find that in the low-flow limit, anchor-
ing strength influences flow rate via a term that is cubic in the
pressure gradient.
The paper is organised as follows. In section 2 we describe
the model we use to simulate the system. In section 3 we
present and analyse our results. Our principal focus, in sec-
tion 3.1, is on the case where the anchoring at the walls of the
channel is homeotropic (i.e. the preferred orientation of the di-
rector is perpendicular to the walls). In section 3.2 we present
results for the case where the anchoring is non-degenerate pla-
nar (the director preferentially lies in a specified direction in
the plane of the substrate - in this case the direction along the
channel) and we do likewise for a channel where one wall
has homeotropic and the other planar anchoring (which we
call hybrid anchoring). We discuss these results and how they
compare to the homeotropic case. We conclude in section 4.
2 The model
The nematic order of the fluid is expressed using a traceless,
symmetric, tensorial order parameter34 called the Q-tensor,
Qαβ =
1
2S (3nαnβ − δαβ) + 12B (mαmβ − lαlβ) , (1)
where n is a unit vector denoting the director, and S is the
degree of nematic ordering. We note that the Q-tensor is in-
variant under n → −n, reflecting the head-tail symmetry of
the molecular ordering. In some circumstances there may be
biaxial ordering of degree B, with m and l forming an or-
thonormal set with n.
The free energy of the system is given by the functional over
the fluid regionR and the substrate wallsW
F =
∫
R
{
2
3A
(
τ∗S−2nemQαβQβα
− 43 (2 + τ∗)S−3nemQαβQβγQγα + 23S−4nem [QαβQβα]2
)
+ 12L∂γQαβ∂γQαβ
}
dV +
∫
W
1
2α(Q
pref
αβ −Qαβ)2dS, (2)
whereA, L and α are positive coefficients for bulk, elastic and
anchoring free energies respectively. τ∗ is a reduced temper-
ature, such that the nematic phase with S = Snem is favoured
for τ∗ < 1, and the isotropic (unordered) phase with S = 0
is favoured when τ∗ > 1. Qprefαβ is the value of the Q-tensor
preferred by the anchoring at the substrate.
Within R, the fluid density ρ, velocity u, and Q-tensor
evolve over time t according to the continuity, Navier-Stokes,
and Beris-Edwards35 equations.
∂tρ+ ∂β(ρuβ) = 0 (3)
ρ (∂t + uβ∂β)uα =
∂β [2µΛαβ − pδαβ + {ζΣαβγδ + Tαβγδ}Hγδ]
−Hβγ∂αQγβ (4)
(∂t + uγ∂γ)Qαβ = −ζΣαβγδΛγδ−TαβγδΩγδ+ΓHαβ (5)
with
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Hαβ =
1
3
δF
δQγγ
δαβ − 1
2
(
δF
δQαβ
+
δF
δQβα
)
,
Σαβγδ =
4
3S
−1
nemQαβQγδ − δαγ(Qδβ + 12Snemδδβ)
− (Qαδ + 12Snemδαδ)δγβ + 23δαβ(Qγδ + 12Snemδγδ),
Tαβγδ = Qαγδβδ − δαγQβδ,
Λαβ =
1
2 (∂βuα + ∂αuβ) ,
Ωαβ =
1
2 (∂βuα − ∂αuβ) ,
(6)
where p = ρ/3 is the isotropic fluid pressure, µ is the dy-
namic viscosity, and Γ is the mobility of the nematic order. ζ
is a dynamical parameter, dependent on the molecular details
of the liquid crystal, that determines how the nematic orienta-
tion couples to shear. If ζ < 1, then the director will tumble
indefinitely in the shear, while the case ζ > 1 (which we shall
consider in this paper∗) permits a bulk, state-state orientation
of the director relative to the shear at the so-called Leslie an-
gle12, which is given by
θLeslie =
1
2arcsecζ. (7)
At the substrate W , non-slip and anchoring conditions ap-
ply,
(δαβ − νανβ)uβ = 0, (8)
Lνγ∂γQαβ = α
(
Qprefαβ −Qαβ
)
, (9)
where ν is the inward normal to the substrate. As an alter-
native to Eqn. (9), we may impose the boundary condition
Q = Qpref. This is equivalent to setting α =∞.
We simulate the dynamics of the fluid by discretising space
and time - the former into a cubic grid of nodes - and main-
tain ρ, u and Q as continuous quantities. We utilise a hybrid
method in which Eqns. (3,4) are iterated using a lattice Boltz-
mann method and Eqn. (5) by a finite-difference method36, a
method that has been previously used by our group when con-
sidering a nematic liquid crystal in contact with a substrate
patterned with rectangular grooves that may fill without the
occurrence of complete wetting37. In this study this numer-
ical code was used to analyse the dynamical response of the
system to an externally-applied electric field so as to identify
switching transitions between these filled states. As further
validation of the numerical code, we chose the simple case of
2D shear flow of nematic liquid crystals for which the exact
solution for the director profile is known (see Appendix).
We choose the parameters (in simulation units) A = 0.5,
τ∗ = 0.9, L = 0.033(3), Γ = 0.025, ρ = 80 (with deviations
∗We anticipate that steady solutions may not exist in the ζ < 1 case for suffi-
ciently strong pressure gradients.
Fig. 1 Illustration of the channel dimensions, flow profile and
director angle.
due to the effects of compressibility, which are small), µ =
13.33(3), ζ = 1.5 (aligning regime) and Snem = 1. p, α and
Qpref are the parameters of interest that we shall vary.
We consider the system geometry depicted in figure (1),
where the substrate is comprised of two parallel plates that
lie in the xy plane at z = −h/2 and z = h/2. In the y di-
rection, the system has a width of only one node, imposing
uniformity in this direction. In the x direction, the system ex-
tends from x = 0 to x = l, and at these boundaries we impose
a Neumann condition ∂x = 0 on Q and u, and a pressure dif-
ference condition p = p0 + δp/2 at x = 0 and p = p0 − δp/2
at x = l, which is achieved by fixing the density at these co-
ordinates according to the relation p = ρ/3 (the maximum
density difference used in our simulations is δρ/ρ = 0.011, so
compression effects are negligable). Thus, we are simulating
two-dimensional channel flow, in a channel of width h, sub-
jected to a pressure gradient G = δp/l. We use l = 100 and
h = 24. Since we find that uz remains very small in all our
simulations, we hereon denote ux by the indexless u.
In order to simplify our description of the system and com-
parison with theory, we define the following rescaled quanti-
ties
z˜ = 2zh dimensionless length
G˜ = Gh
3
4L dimensionless pressure gradient
α˜ = αh2L dimensionless anchoring
µ˜ = µhL isotropic viscosity rescaled to
units of inverse velocity
r = 1µΓ ; degree of anisotropy in the viscosity (10)
We note that the quantity µ˜rU , where U is a characteristic
flow velocity, corresponds to what is commonly defined as the
Ericksen number38.
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Fig. 2 Mass flow rate Φ as a function of the pressure gradient via simulation. Different curves correspond to distinct values for the
homeotropic anchoring condition. For α˜ = 364, an example case, the director orientation (black lines) obtained for different pressures
gradients are shown in the embedded figures for the case of the ’vertical’ state [at low G˜ (lower left) and near the jump in flow rate (top
centre)] and ’horizontal’ state (lower right). Vertical lines represent the value of G˜ above which we observe the ’horizontal’ state.
3 Results
3.1 Homeotropic anchoring
We first consider the case where both channel walls have
homeotropic (i.e. director perpendicular to the wall) anchor-
ing conditions. Obviously, in the absence of flow, the director
will uniformly orient itself in the z direction. Following the
terminology of Jewell et al. 19 , we call this configuration the
‘vertical’ state, V.
For various values G˜ and α˜, we evolve the system until a
steady state is obtained. Depending on the driving G˜, simu-
lations were run up to 1 × 106 time-steps. However, in our
experience, systems driven at low G˜ may take 3 to 4 times
longer than high G˜ to reach a steady state.
Once steady state is achieved, we measure the mass flow
rate, defined as
Φ =
∫ h/2
−h/2
ρudz =
1
2
∫ 1
−1
ρhudz˜. (11)
In figure (2) we plot Φ as a function of G˜ for various an-
choring strengths ranging from α˜ = 0 to ∞. Symbols rep-
resent simulation data and discontinuous lines are added to
help guide the eye. The insets show the nematic configuration
recorded for the indicated data points for the case α˜ = 364,
a relatively strong anchoring. The orange shading represents
the nematic order parameter S (which, in all cases, varies only
slightly away from Snem), and the black lines depict the direc-
tor n.
Examining figure (2), we see that for small G˜, the director
is perturbed only slightly from the uniform vertical configura-
tion, as shown by the leftmost inset in figure (2). In this region
of the graph, the increase of Φ with G˜ is gradual. However, as
G˜ increases, there comes a point where Φ undergoes a rapid
increase with respect to G˜. The value of G˜ at which this de-
parture from linearity occurs is higher for systems with larger
α˜. Shortly after this jump, dΦ/dG˜ moderates, but remains at
a higher value than before the jump. As G˜ is increased further,
the relation is approximately linear, albeit with a non-zero in-
tercept. For the case of α˜ = 0, instead of a jump there is
a kink, in which dΦ/dG˜ switches from a lower to a higher
value.
The middle inset illustrates the nematic texture prior to the
jump. We see that the nematic texture is strongly distorted,
with the director significantly perturbed from the vertical away
from the walls and channel centre. However, the state remains
topologically equivalent to that depicted in the left inset, since
one state can be continuously deformed into the other. There-
fore we also class the state in the middle inset as V.
As G˜ is increased further, the director profile undergoes an
abrupt transition so that the director orientation at the middle
of the channel becomes horizontal. Again following Jewell
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et al. 19 we term this new state the horizontal state, H. The
change V→ H represents a topological change and cannot be
effected by continuous deformations. As noted by Denniston
et al. 18 , the transition occurs by the formation of topological
defects, which unwind to produce the new state. Intriguingly,
the transition only causes a small discontinuity in the depen-
dence of Φ on G˜, barely noticeable in comparison to the jump
described in the previous two paragraphs. Contrary to what
was seen with the jump, we observe that the V→ H transition
occurs at smaller values of G˜ for larger α˜, as can be observed
by the vertical discontinuous lines in figure (2).
In order to check the simulation results and to gain under-
standing of their key features, we now perform calculations
based on the fluid equations. Since the degree of nematic order
remains roughly constant at Snem = 1, and since the director
is confined to the zx plane, we may write
Qxx =
1
4 (3 cos 2θ + 1) ,
Qzz =
1
4 (−3 cos 2θ + 1) , (12)
Qzx =
3
4 sin 2θ,
θ being the anticlockwise angle made by the director with the
x axis. Furthermore, the simulations verify that the z com-
ponent of velocity is negligible, the fluid is approximately in-
compressible, and u and θ show no variation in the x direc-
tion. Under these assumptions, Eqn. (3) becomes trivial, and
Eqns. (4,5,9) may be reduced to
d
dz˜
(
µ˜
du
dz˜
− 4 (ζ cos 2θ − 1) d
2θ
dz˜2
)
= −G˜, (13)
d2θ
dz˜2
= −1
4
rµ˜ (ζ cos 2θ − 1) du
dz˜
, (14)
dθ
dz˜
= ± 12 α˜ sin 2θ at z˜ = ±1. (15)
We integrate Eqn. (13) once, and use the condition of sym-
metry that du/dz˜ = 0 at the channel midpoint z˜ = 0. We then
rearrange Eqns. (13,14) to separate the derivatives of the two
variables, giving
du
dz˜
= − G˜
µ˜
(
1 + r (ζ cos 2θ − 1)2
) z˜, (16)
d2θ
dz˜2
=
rG˜ (ζ cos 2θ − 1)
4
(
1 + r (ζ cos 2θ − 1)2
) z˜. (17)
Examining Eqn. (16), we note that the velocity gradient be-
comes larger as θ approaches θLeslie. Thus, as the director ori-
entation becomes increasingly distorted away from the vertical
orientation by the flow, we expect a boost to u, and hence to Φ,
compared to a hypothetical situation where the director orien-
tation remains vertical. dΦ/dG˜ therefore has a regular contri-
bution as would be found in Poiseuille’s law, and an additional
contribution due to the changes in the profile of θ. The jump
observed in figure (2) corresponds to especially rapid changes
in θ.
We now seek to confirm the results for small G˜, by finding
a series solution for Eqns. (16,17). In such a limit, u will be
small, and provided that the anchoring is not too weak, the ne-
matic orientation will be perturbed only mildly from the verti-
cal (as shown in the red curve of figure 5). We may therefore
write expansions for θ and u.
u = u1G˜+ u3G˜
3 + ... (18)
θ = pi2 + θ1G˜+ θ3G˜
3 + ... (19)
We include only odd powers because symmetry dictates that
u→ −u and θ − pi/2→ −(θ − pi/2) under G˜→ −G˜
In the lowest order, Eqns. (16,17,8,15) become
µ˜
(
1 + r (ζ + 1)
2
) du1
dz˜
= −z˜, (20)
d2θ1
dz˜2
= − r (ζ + 1)
4
(
1 + r (ζ + 1)
2
) z˜, (21)
u1 = 0 at z˜ = ±1, (22)
dθ1
dz˜
= ∓α˜θ1 at z˜ = ±1, (23)
the solutions of which are
u1 =
1
2µ˜
(
1 + r (ζ + 1)
2
) (1− z˜2) , (24)
θ1 =
r (ζ + 1)
24
(
1 + r (ζ + 1)
2
) {( α˜+ 3
α˜+ 1
)
z˜ − z˜3
}
. (25)
The z˜ dependence of u1 and θ1 is in agreement with Zhou
and Forest 20 (where only the strong anchoring limit is consid-
ered). u1 is the standard Poiseuille form, but with a modified
coefficient. It is dependent on the dynamical properties of the
liquid crystal, but not on the anchoring. By contrast, the direc-
tor profile does have dependence on α˜. It is worth mentioning
that we find that the director component in the y-direction re-
mains very small in all our simulations. Therefore our director
is confined to the xz-plane. We denote the direction by the an-
gle of the director with respect to the z-axis which we named
theta. Figure (3) compares the angle of the director θ as given
by Eqn. (19) for G˜ = 1.05 and for G˜ an order of magnitude
larger. The director angle given by Eq. (19) is represented by
black lines. The respective angle of the director from the sim-
ulation with α˜ = 364 is shown by red symbols.
As expected, for the lower driving pressure gradient, G˜ =
1.05, we observe only a small deviation of θ from pi/2, which
is in very good agreement with that given by Eqn. (19). When
applying a pressure gradient an order of magnitude larger,
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Eqn. (19)
G~ = 1.05
Eqn. (19)
G~ = 10.5
Fig. 3 Director angle θ across the half of the width of the channel.
Black lines are angles obtained using Eqn. (19) whilst simulation
results are represented by red symbols connected by a red dashed
line to help guide the eye. Inset: Illustrates the deviation of
numerical results from theory as one expects when increasing G˜.
Eqn. (19) overestimates θ but is still in good agreement with a
relative error < 10%.
The next order velocity equation is
du3
dz
= − 4rζ(ζ + 1)
µ˜
(
1 + r (ζ + 1)
2
)2 θ21 z˜,
= − r
3ζ(ζ + 1)3
144µ˜
(
1 + r (ζ + 1)
2
)4
{(
α˜+ 3
α˜+ 1
)2
z˜3 − 2
(
α˜+ 3
α˜+ 1
)
z˜5 + z˜7
}
(26)
giving
u3 =
r3ζ(ζ + 1)3
144µ
(
1 + r (ζ + 1)
2
)4
{(
α˜+ 3
α˜+ 1
)2(
1− z˜4
4
)
−
(
α˜+ 3
α˜+ 1
)(
1− z˜6
3
)
+
1− z˜8
8
}
θ3 may be similarly found, and then used to find the next order
contributions, and so on.
The mass flow rate, in the lowest two orders of G˜, is given
by
0 10 20 30 40 500
0.1
0.2
0.3
0.4
0.5
Eqn. (27)
simulation (              )
0 50 100 150 2000
1
2
3
4
5
6
7
Fig. 4 Comparison of the mass flow rate Φ as a function of pressure
gradient obtained using Eqn. (27) and the corresponding simulation
results. Embedded graph illustrates the expected deviation of the
numerical results from theory as G˜ increases.
Φ = 12ρh
∫ 1
−1
udz˜,
= ρh
1
3µ˜
(
1 + r (ζ + 1)
2
) G˜+ ρh r3ζ(ζ + 1)3
144µ˜
(
1 + r (ζ + 1)
2
)4
{
1
5
(
α˜+ 3
α˜+ 1
)2
− 2
7
(
α˜+ 3
α˜+ 1
)
+
1
9
}
G˜3 + O(G˜5).
(27)
We see that the linear term is essentially that of the Poiseuille
relation, but with the viscosity modified by the factor(
1 + r (ζ + 1)
2
)
. This linear term is not dependent on the
anchoring strength. The cubic term represents the leading or-
der boost to the flow rate as the director begins to distort closer
towards θLeslie. This boost is larger for smaller α˜, as would be
expected since the director profile will distort more easily if
the anchoring is weaker.
As an example, figure (4) compares the simulation data
(connected red points) against the prediction of Eqn. (27),
α˜ = 364. For low G˜, the mass flow rate of the channel is
very well represented by Eqn. (27). This agreement is seen
close up to values of G˜ before the onset of the sudden jump in
Φ, as illustrated in the inset of this figure.
Next, we elucidate the cause of the V→ H transition. In V,
illustrated by the red and green curves in figure (5), the direc-
tor angle θ starts at θsub (the actual angle given by Eqn. (15),
not the angle pi/2 ideally preferred by the anchoring) at the
substrate z˜ = −1, decreases down to some value θturn, then
increases to pi/2 at the channel midpoint. In the upper portion
of the channel, the profile is inverted, with θ reaching a max-
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Fig. 5 Graph illustrating the switch from the ’vertical’ to ’horizontal’ texture. In this figure the director angle θ across the width of the
channel when G˜ is small (red) and the crossover from the ’vertical’ to ’horizontal’ when θ approaches the alignment angle (green to blue). As
examples, the director orientation (black lines) obtained for different pressures gradients are shown in the embedded figures.
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-2
0
2
4
6
8
Fig. 6 Free energy as a function of the pressure gradient via
simulation. Different curves correspond to distinct values of α˜ for
the homeotropic anchoring condition. Vertical lines represent the
value of G˜ above which we observe the ’horizontal’ state.
imum of pi − θturn, and arriving at the upper substrate z˜ = 1
with pi − θsub. Thus the integrated change in angle across the
channel is ∆θ = pi− 2θsub. By contrast, in H, depicted by the
blue curve in figure (5), θ decreases monotonically across the
channel, starting at θsub (generally with a different value to the
previous case) at z˜ = −1, decreasing through θ = 0 at z˜ = 0,
and arriving at z˜ = 1 with the angle −θsub, thus achieving an
integrated change of ∆θ = −2θsub. The instability by which
the vertical state gives way to the horizontal has a dynamical
cause, as we shall now show.
Examining Eqn. (17), we note that, in the lower (upper)
segment z˜ < 0 (z˜ > 0), d2θ/dz˜2 is positive (negative)
when cos 2θ < cos 2θLeslie, and vice-versa when cos 2θ >
cos 2θLeslie. Thus, in the case where θturn > θLeslie, d2θ/dz˜2
is positive throughout the bottom segment (and negative in the
upper segment), including at θturn, which is therefore a local
minimum in θ. However, if θ falls below θLeslie, d2θ/dz˜2 be-
comes negative. It now becomes impossible for θ to reach a
turning point and increase to meet pi/2 at 0. Thus, the tran-
sition from the vertical to horizontal state occurs when θturn
exceeds θLeslie. For the value ζ = 1.5 in our system, we derive
θLeslie = 24.1
◦. This value is in good agreement with the tran-
sition angle found by our simulations, as shown in figure (5).
Our findings indicate that the switch is driven by dynam-
ical considerations, under which V becomes unstable in the
flow. Figure (6) shows that the free energy, Eqn. 2, typically
changes discontinuously at the transition, with a decrease in
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Fig. 7 Director profile as a function of channel height z˜ near the
V→ H transition. Different curves correspond to distinct values of
α˜ for the homeotropic anchoring condition. Vertical discontinuous
grey line indicated channel at mid-height.
the free energy observed for all measured values of α˜ except
α˜ =∞. This contradicts the explanation of Jewell et al. 19 that
the transition occurs at the point where the free energies of the
two textures are equal, and supports the observation of Den-
niston et al. 18 that V can persist as a metastable state; we find
that it does so until driven into the H state by the dynamical
instability. The α˜ =∞ case shows an increase in free energy,
indicating that the V state becomes dynamically unstable be-
fore any free energy crossover with H occurs.
In light of this explanation, the fact that the V → H tran-
sition requires larger G˜ for smaller α˜ may seem counter-
intuitive. If a weaker anchoring provides less resistance to dis-
tortions of the director away from the vertical, then shouldn’t
less forcing be required to make θturn fall below θLeslie? The
answer to the paradox lies in the substrate boundary condi-
tion, Eqn. (15), which shows that α˜ is an amplifying factor
for the magnitude of dθ/dz˜ at the substrate. When α˜ is large,
this derivative is large at the substrate (and negative, assum-
ing that we are considering the lower segment of the channel).
Conversely, in the limit of α˜→ 0, the substrate derivative van-
ishes. Since d2θ/dz˜2 is positive for θ > θturn, we see that in
this weak anchoring limit dθ/dz˜ immediately becomes posi-
tive away from the substrate, and therefore θ cannot fall below
θLeslie unless θsub < θLeslie to begin with, which requires a large
value of G˜ to achieve. We thus see that weak anchoring, by
limiting the initial derivative of θ at the substrate (as can be
seen in figure (7)), impedes rather than assists the V → H
transition.
Another counter-intuitive aspect of our findings is that the
jump shown in figure (2), which occurs within the state V,
should constitute a much larger departure from non-linearity
than the transition V → H, which involves a discontinuous
change of the nematic texture. To resolve this puzzle, we again
examine Eqn. (16), which shows how θ influences the gradient
du/dz˜. The corresponding flow rate Φ is found by performing
two successive integrations, from the walls where u is fixed at
zero to the centre. Thus changes in θ close to the walls will
have a greater effect on Φ than changes in θ close to the centre
of the channel. We see from figure (5), that in the transition
V→ H (from the green to blue curves), there is a little change
in the director profile near the walls, and change is limited to-
wards the centre of the channel. By contrast, during the jump
in V (purple to pink curves), there is significant change in θ
across the entire width of the channel.
Following the work of Leslie 15 and de Gennes and Prost 34 ,
in the limit of high G˜ we except θ to be close to ±θLeslie for
most of the channel width, deviating only in layers at the edges
and middle of the channel, as shown in figure (8)
θ =

varies rapidly from [θsub, θLeslie] : −1 < z˜ < −1 + sub
steady at θLeslie : −1 + sub < z˜ < −mid
varies rapidly from
[−θLeslie, 0[ through [0, θLeslie] : −mid < z˜ < mid
steady at −θLeslie : 0 < z˜ < mid
varies rapidly from [−θLeslie,−θsub] : 1− sub < z˜ < 1.
(28)
where mid and sub are the characteristic thicknesses of the
layers at the substrates and middle of the channel respectively.
Simulations in figure (9) confirms this prediction.
To calculate an estimate of the flow rate, we solve Eqn. (16)
for the simplified stepwise function
θ ≈

θsub −1 < z˜ < −1 + sub,
θLeslie −1 + sub < z˜ < −mid,
0 −mid < z˜ < mid,
−θLeslie 0 < z˜ < mid,
−θsub 1− sub < z˜ < 1,
(29)
where θsub is measured and sub and mid estimated from the
simulations. We find that
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u ≈

G˜
2µ˜f(θsub)(1− z˜2) − 1 < z˜ < −1 + sub
G˜
2µ˜f(θsub)(1− [1− sub]2)
+ G˜2µ˜f(θLeslie)
([1− sub]2 − z˜2) − 1 + sub < z˜ < −mid
G˜
2µ˜f(θsub)(1− [1− sub]2)
+ G˜2µ˜f(θLeslie)([1− sub]2 − 2mid)
+ G˜2µ˜f(0)(
2
mid − z˜2) − mid < z˜ < 0
(30)
and, as the velocity profile is mirrored in the upper half of the
channel, where
f(θ) =
1
1 + r(ζ cos 2θ − 1)2 , (31)
we obtain for the mass flow rate,
Φ =
ρhG˜
2µ˜{
f(θsub)
(
2
3 − sub − 133sub +
(
1− [1− sub]2
)
[1− sub]
)
+f(θLeslie)
(
[1− sub]2[1− sub − mid]− 13
(
[1− sub]3 − 3mid
))
+ 23f(0)
3
mid
}
. (32)
The comparison of the flux and also the gradient dΦ/dG˜
obtained via simulation with that given by Eqn. (32) is shown
in figure (10). In this figure, the mass flux obtained via simu-
lation is shown by filled red symbols (for a system of h = 24
where sub = 0.25, mid = 0.20 and θsub = 46.6 degrees,
as can be seen in Fig. (9)) whilst that obtained by Eqn. (32)
is represented by a black dashed line. Also given in this fig-
ure is a linear fit to simulation data shown by the red dashed
line connecting the full triangular symbols. With this linear
fit we are able to compare dΦ/dG˜ obtained from simulation
and that given by Eqn. (32). Although dΦ/dG˜ of Eqn. (32)
shows very good agreement with the simulations (0.0345 from
Eqn. (32) and 0.0293 from the fit to simulation data), we note
a discrepancy in the actual values of Φ due to the simulations
results having a non-zero intercept. In order to resolve this
discrepancy, a fuller treatment that goes beyond linear terms
is required. A possible method to do this would be similar to
what is done by Atkin and Leslie for Couette flow of nematic
liquid crystals39, namely to produce a general solution in inte-
gral terms. In our case, the driving force produces a factor of
z in (17), which makes the integration more complicated, but
in principle it should be possible.
Fig. 8 Schematic graph of the director angle θ across the width of
the channel when the pressure gradient is large.
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Fig. 9 Director angle θ across the width of the channel with
homeotropic anchoring of strength α˜ = 1500 obtained two systems
with l = 400, h = 99 and l = 100, h = 24 ).
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Fig. 11 Mass flow rate Φ as a function of the pressure gradient via simulation for (weak α˜ = 375, α˜ = 1500 to strong α˜ = ∞) hybrid
anchoring. The director orientation (black lines) obtained for different pressures gradients are shown in the embedded figures for the case of
the ’vertical’ state [at low G˜ (lower left) and near the jump in flow rate (top centre)] and ’horizontal’ state (central right). Vertical lines
represent the pressure gradient above which we observe the ’horizontal’ state. The embedded graph is a blow-up of the graph for low pressure
gradients.
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Fig. 10 Mass flow rate Φ as a function of the G˜ via simulation for
weak and strong anchoring. Symbols represent simulation results,
the dashed red line represents a linear fit to the simulation data and
the black dashed line is the flux as obtained from Eqn. (32).
3.2 Planar and hybrid anchoring conditions
In this section we extend our work beyond homeotropic an-
choring and perform lattice Boltzmann simulations of driven
flow between two parallel plates for the cases where the an-
choring at both walls of the channel is planar and where one
wall has homeotropic anchoring and the other planar (which
we shall term hybrid anchoring). In general, planar anchor-
ing may be degenerate (favouring any orientation within the
plane of the substrate equally) or non-degenerate (favouring
one given direction within this plane). Here we restrict our
study to the case of non-degenerate planar anchoring along
the channel direction x. We set l = 400 and h = 99 and, as
was previously done for the homeotropic anchoring study, we
evolve the system until a steady state is obtained. Depending
on the driving G˜, simulations were run 1× 106 times steps (or
3 to 4 times longer if needed).
First we consider the case of hybrid anchoring where the
substrate at z˜ = −1 has homeotropic anchoring and that at
z˜ = 1 has planar anchoring. In figure (11) we plot mass
flow rate Φ as a function of G˜ for hybrid anchoring condi-
tion for weak α˜ = 375, α˜ = 1500 to strong α˜ =∞ anchoring
strengths. Symbols represent simulation data and discontinu-
ous lines are added to help guide the eye. The insets show the
nematic configuration recorded for the indicated data points
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for the hybrid case. As before, the orange shading represents
the nematic order parameter S and the black lines depict the
director n. Embedded graph is a blow-up of the graph for low
pressure gradients, which illustrates the jump in mass flow as
the pressure gradient is increased, as previously seen for the
homeotropic case. The lower-right inset represents the tex-
ture for low flow. In this case, the director orientation near
the walls suffers only small distortions from the imposed an-
choring conditions (i.e. θ ∼ 90◦ at z˜ = −1 and θ ∼ 180◦
at z˜ = 1). Furthermore, the behaviour of θ as a function of z˜
is shown in figure (13), where the black continuous line illus-
trates this gradual increase of θ throughout the channel, from
∼ 90◦ at z˜ = −1 to 180◦ at the other wall at z˜ = 1. Note that
we are only considering one of two possible starting configu-
rations relative to the flow; the mirror image,∼ 90◦ at z˜ = −1
to 0◦ at z˜ = 1, is equivalent in the case of zero flow and could
equally well be the starting point, but we do not consider this
case here.
As G˜ is increased, the director profile takes a ‘question
mark’ shape as shown in the middle inset of figure (11) which
resembles the behaviour previously reported for strong an-
choring conditions40. Similar to what was observed for the
homeotropic case, the pressure gradient for which we observe
the jump of mass flux increases with anchoring strength since
the director profile will distort with more ease if anchoring is
weaker. During the jump of flow rate in V, the vertical state,
there is significant change in θ across the entire width of the
channel which can be seen in the behaviour of θ throughout the
channel going from the red to green curves of figure (11). As
in the homeotropic anchoring case, as G˜ is increased further,
the director profile undergoes an abrupt transition so that its
orientation at the middle of the channel becomes horizontal.
We see from figure (13), that in this transition V → H (from
the blue to pink curves), there is little change in the director
profile near the walls, and change is limited towards the centre
of the channel. As in the homeotropic case, we see that weak
anchoring impedes rather than assists the V → H transition.
However, contrary to the homeotropic case and considering
the same anchoring strengths, we suggest from the analysis of
figure (12), that the anchoring strength may play a larger role
in the regions near the centre and top half of the channel.
Finally, we consider the case of planar anchoring on both
walls, the behaviour of which turns out to be less rich than the
homeotropic and hybrid substrates. In this case, the director
is always in the H configuration. As the flow increases, the
director at the walls becomes increasingly inclined away from
the horizontal. In figure (13), the relation between Φ and G˜
shows only mild non-linearity, and does not exhibit the abrupt
jump that was seen in the homeotropic case. This is in agree-
ment with experiments carried out on cylindrical16 and rect-
angular22 channels, which show less-pronounced departures
from linearity for planar anchoring compared to homeotropic
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Fig. 12 Director profile as a function of channel height z˜ near the
V→ H transition. Different curves correspond to distinct values of
α˜ for the hybrid anchoring condition.
anchoring.
We briefly consider how the low flow limit in the planar
case differs from that of the homeotropic case. Since the un-
perturbed θ is 0 instead of pi/2, the first-order expansions of
Eqns. (16,17,15) become
µ˜
(
1 + r (ζ − 1)2
) du1
dz˜
= −z˜, (33)
d2θ1
dz˜2
=
r (ζ − 1)
4
(
1− r (ζ − 1)2
) z˜, (34)
dθ1
dz˜
= ±α˜θ1 at z˜ = ±1. (35)
i.e., in eqns. (16,17) ζ+1 is replaced by ζ−1. We thus derive
u1 =
1
2µ˜
(
1 + r (ζ − 1)2
) (1− z˜2) , (36)
θ1 = − r (ζ − 1)
24
(
1 + r (ζ − 1)2
) {( α˜+ 3
α˜+ 1
)
z˜ − z˜3
}
, (37)
Φ = ρh
1
3µ˜
(
1 + r (ζ − 1)2
) G˜+ .... (38)
Comparison of Eqn. (38) with Eqn. (27) shows that the low
flow limit dΦ/dG˜ is larger in the planar case, as is confirmed
in figure (14). Hence we note that the linear term of Φ is
dependent on the type of anchoring, while dependence on the
strength of anchoring only arrives in the cubic term.
As a comparison of the three types of anchoring consid-
ered, we plot, in figure (14), mass flow rate Φ as a function of
G˜ for the three distinct anchoring conditions considered, for
a chosen anchoring strength of α˜ = 1500, a relatively strong
anchoring. In summary, the behaviour of flux as a function
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Fig. 13 Director angle θ across the width of the channel with hybrid
anchoring of strength α˜ = 1500.
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Fig. 14 Mass flow rate Φ per node as a function of the pressure
gradient via simulation for homeotropic, planar and hybrid
anchoring with α˜ = 1500.
of G˜ for hybrid anchoring is reminiscent of what is observed
in the homeotropic case with the exception that the height of
the jump observed in the vertical state is somewhat smaller,
being lowered by the presence of the wall with planar anchor-
ing conditions. The director profile (and θ) for sufficiently
high G˜ in the H state is also similar to what is observed in the
homeotropic anchoring case. In contrast to what is observed in
the H state and as expected given the different anchoring con-
ditions on the walls, the director profile observed in H state
differs from other anchoring cases.
4 Conclusions
We have performed lattice Boltzmann simulations of driven
flow of a nematic liquid crystal in two-dimensional channels,
recording the mass flow rate Φ as a function of the applied
pressure gradient G˜ for a variety of types and strengths of
anchoring at the channel walls. Our results for homeotropic
anchoring are summarised in figure (2). At lower values of
G˜, the nematic adopts a morphology V where the director is
oriented to the vertical in the centre of the channel. We cal-
culated the low flow limit from the dynamical equations and
verified this against the results from the simulations. As G˜ in-
creases, dΦ/dG˜ becomes steeper as flow-induced distortions
in the director lead to a reduction in the effective viscosity. Φ
undergoes an abrupt jump, before moderating to an approxi-
mately linear rise with higher gradient than before the jump.
At higher G˜, the nematic undergoes a topological transition
to a state H, where the director is orientated horizontal at the
centre of the channel. We showed that this transition is driven
by a dynamical instability due to the director being perturbed
beyond the Leslie angle.
Figure (14) compares results for homeotropic, planar and
hybrid anchoring. We find that the curve for hybrid anchoring
exhibits a smaller, but still notable jump, and there is a similar
transition to the H state. For the case of planar anchoring,
there are no striking departures from linearity, and the system
is in the H state throughout.
The results of this paper demonstrate that the type and
strength of anchoring at the channel has a profound effect on
the relation between the mass flow rate Φ and the applied pres-
sure gradient G˜ at the walls of the channel. Understanding
these effects may help to fine-tune the flow properties of mi-
crofluidic nematic devices. Conversely, the Φ,G˜ curve pro-
vides a fingerprint to the anchoring that exists in the channel.
This fingerprint can be identified using both qualitative fea-
tures, such as abrupt departures from linearity, and quantita-
tive features, such as the slope and subsequent derivatives of
the curve.
An obvious direction for future work is to extend our sim-
ulations to three-dimensional channel flow, such as flow in a
cylindrical or rectangular channel. We expect that frustration
between competing boundary conditions and the formation of
topological defects in the bulk will make flow behaviour in
such geometries considerably more complicated than the two-
dimensional system studied here, but we may hope that some
of the principles we elucidated for two dimensions will carry
forward into three. Experimental measurements on rectangu-
lar channels has been carried out by Sengupta et al. 11 . Fig-
ure 2 of Sengupta’s paper appears to show a sharp decrease in
the effective viscosity (∝ G˜/Φ) at low driving pressures for
homeotropic anchoring, reminiscent of the sharp increase we
observe in our simulations.
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Appendix
In this appendix, we present a brief summary of the test
performed on the hybrid lattice Boltzmann method applied
throughout this work. We consider a (flow aligning) liquid
crystal which is confined between two walls, both parallel to
the xz-plane, distance h apart. The lower one is at rest while
the upper one is moved in the x-direction with velocity v0.
In this simple test case we consider strong homeotropic an-
choring conditions and choose two test systems: one with
h = 24 and another where h = 99, setting v0 = 0.01 and
v0 = 0.0025, respectively. Shearing in the x-direction will
cause the director to vary as a function of z˜ (i.e. θ = θ(z˜)).
For high enough shear, θ reaches a saturation value of θLeslie
in the bulk. θ varies continuously from the value defined by
the boundary conditions to the bulk value. This behaviour has
been both verified numerically and by theory (e.g. in reference
34 and 41 and references therein).
Figure (15) compares the director profile θ(z˜) obtained nu-
merically in this work and the analytic solution (Eqn. III.9 of
reference 41) for the two systems studied. The inset of this
figure illustrates the trend of the director in the sheared chan-
nels. We observe that numerical results for the larger system
are in very good agreement with theory differing by . 1%.
The smaller system also presents good agreement between nu-
merical results and theory but in this case they mostly differ
near the walls by . 6%. In both systems, the director at mid-
channel presents θ(z˜ = 0) = 27.
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